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Spatial scale effect analysis of Xin'anjiang model
parameters based on fractal theory

LI Binquan,ZHU Changchang, LIANG Zhongmin, WANG Jun, HU Yiming

(College of Hydrology and Water Resources, Hohai University, Nanjing 210098, China)

Abstract: Hydrological scale effect has always been the frontier research in hydrology. In this paper, a quantitative conversion
equation between different spatial scales of a model's sensitive parameters is established based on the fractal theory,and a meth-
od for analyzing the spatial scale effects of hydrological model parameters is proposed. Taking the three-source Xin'anjiang mod-
el as an example, the spatial scale effect of model parameters is analyzed above the Xiaoheba station of Jialing River basin. The
results showed that the spatial sensitive parameters (SM,KG,KI,CG,CI,and CS) of the Xin'anjiang model are scale-invariant
with the change of spatial scale,and the quantitative relationship between them and catchment area can be described by power
function relationship. Therefore, the corresponding quantitative conversion equation can be established by this relationship.
Through the application and validation on different spatial scales in the basin, it is found that this spatial scale conversion equa-
tion of the Xin'anjiang model based on the scale-invariance using fractal theory has high applicability. It can realize that the mi-

gration of model parameters can be done from the data-rich region to the no data region and can provide references for the deter-

mination of model parameters in no data regions.

Key words: hydrological spatial scale; Xin'anjiang model; fractal theory; Xiaoheba basin

Hydrological phenomena may show different
characteristics on different temporal and spatial
scales, but there are often uniform laws behind
them. Strengthening research on hydrological scale
effect and establishing the transformation relation-
ship between different scales can not only deepen
the understanding of the hydrological process but
also solve the problem of hydrological information
transfer from the regions with data to the regions
without data and between different time and space
scales''). Therefore, the study of hydrological scale
has important theoretical significance and practical
value and has always been the preface of hydrologi-

cal science research™®,
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Early research on hydrological scale problems
mainly used statistical correlation ( regression)
methods, such as the empirical formula for flood
peaks which are commonly used at home and
abroad™. In recent years, new theories and meth-
ods such as chaos, fractal, and wavelet analysis
have been introduced for the research and applica-
tion of hydrological scale problems. Sivakumar'®
applies chaos theory for the first time to study the
scale effect of rainfall. The results showed that the
change in the weight of rainfall data at different
time scales is chaotic, and proposed a chaos model
to solve the problem of rainfall downscaling. Ku-

[7-8]

mar integrates the fractal theory and wavelet
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analysis and proposed a method to separate the
large-scale and small-scale features of the spatial
rainfall field,and documented that rainfall fluctua-
tions can be approximated as a stable distribution.
Gupta et al. ™ introduce the scale invariance hy-
pothesis for regional flood analysis, which provide
a basis for studying the spatial variability of hydro-
logical processes at different scales. In China, Wang
Wensheng et al. 1% use the time-frequency localiza-
tion function of wavelet transform to show the fre-
quency characteristics of hydrological series in the
time domain and obtained the strength and distri-
bution of various periods as well as the mutation
points. Li Xianbin''" uses the fractal and wavelet
coupling method to carry out the daily runoff fore-
cast in the flood season and reveales that the re-
sults are better than the differential analysis meth-
od and fractal dimension estimation method. Chang

1. 2] use the fractal theory to analyze

Fuxuan et a
the scale between the flood peaks and the area of
the Jialing River basin and found that the changes
of the flood peaks with the area of the basin are
scale-invariant.

Most of the previous studies focus on the
scale problems of hydrological variables (such as
rainfall, peak discharge, etc. ) , but there are few
studies on the scale effects of hydrological model
parameters. This paper selects the basins above
the Xiaoheba station on the Jialing River and stud-
ies the spatial scale invariance of the Xin' anjiang
model parameters based on the fractal theory in
order to reveal the spatial scale effects of the mod-
el parameters and to establish the conversion rela-
tionship between the model parameters at differ-
ent spatial scales and to solve the problem of
hydrological model parameters of an area that has

no data.
1 Research methods

1.1 Fractal theory and its scale invariance
Bloschl and Sivapalan'’’ have proposed two
methods to study the scale problem., one is the
model-based approach, the other is the system in-
tegrity approach based on the dimension analysis

and similarity, which mainly involves the concept

8 KX KF R

of dimension analysis and fractal. Fractal is widely
used in hydrological scale analysis because it can
easily handle complex processes.

The fractal theory is founded by Mandelbrot
in the mid-1870s,and refers to the parts that make
up the whole, whose shape is similar to the whole
in some way, with self-similarity and scale invari-

131 Mathematically, self-similarity in fractal

ance
theory means scale invariance. For scale-invariant
research objects, within a certain scale range, the
relationship between certain attributes of different
scales can be determined by the scale transforma-
tion only related to the scale ratio. This scale range
is called the scale interval. Beyond the scale inter-
val, the variable may no longer satisfy scale invari-
ance, Therefore, if a certain hydrological variable
satisfies the scale invariance, the hydrological char-
acteristics (or laws) at different scales can be de-
rived through scaling transformation.

Define a random field {Y (&) |x € RY} , where x
is time, one-dimensional or multidimensional space
or space-time,and d is the dimension of this space.
For any constant A >0, define Y, (x) =Y (Ax). If
(Ax) and A¢ Y(2) have the same probability distri-
bution function, that is

{YQa) jdia<{Y ()} (D
Then,it is said that Y(x) satisfies the scale invari-
ance or has the scale property, and the index « is
called the scale index"”. Equation (1) indicates

that for any probability P,there are

YQx) =AY (x) (2)
or
log(Y(22)) =a logA+logY (x) (3)

Scale invariance is an important feature of
fractals. This article uses fractal theory to select
sub-catchments of different sizes from the basin
with similar geographical and climatic conditions
(or hydrological consistency zones) to analyze the
spatial scale effect of the hydrological model pa-
rameters to determine whether hydrological model
parameters are scale-invariant with changes in spa-
tial scale or not. For model parameters with scale
invariance, the parameters can be converted be-

tween different spatial scales.
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1.2 Model parameter invariance analysis

In practical applications, the scale invari-
ance analysis results of certain hydrological
model parameters can be established on a num-
ber of different spatial scales and hydrological
similarity, and the calibrated model parameters
of a basin with data can be transferred to the
basin without data. The main process steps are
as follows;

(1) Select nested hydrological similarity con-
trast basins, For a targeted basin with no data, sev-
eral comparative basins with spatial nesting and

hydrological similarity are selected, as shown in
Fig. 1.
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Fig. 1 Spatial basin diagram

(2) Calibration of hydrological model parame-
ters. In several spatially nested basins,hydrological
models are constructed using meteorological and
hydrological data, and model parameters in each
basin are determined.

(3) Establish a quantitative relationship be-
tween model parameters and the basin area.
Take the minimum sub-basin model parameter
value @, as the true value, corresponding to the
basin area F,; each sub-basin model parameter
value 0;, corresponding to the basin area F;.
Take the ratio of each sub-basin model parameter
0, to the true value 0, , that is, 0,/0, as the ordi-
nate, and the corresponding basin area F,/F, as
the abscissa, and establish the relationship be-
tween the model parameter and the basin area
0,/0,~F,;/F,(Fig. 2). The spatially sensitive pa-
rameters of the hydrological model are selected
according to the relationship curve, and the quan-

titative relationship between the two is estab-

lished using mathematical-statistical methods

0,/0,= f(F;/Fy)

o F

iEall L

i |:||_

Fig. 2 Relationship curve between model
parameters and watershed area

(4) Space scale invariance test of model pa-
rameters. Let §(F;) be a sensitive model parameter
that varies with the spatial scale on a basin area
F;. 1t is affected by a variety of factors and has a
large uncertainty. Assume it is a random variable,
and let the scale F;be A times F;

F;=AF; 4
Similar to 0(F;) ,0(F;) is used as a random variable
corresponding to the scale F;. Suppose that;

O(F) =20(F;) (5)
where o is a constant. According to the relevant
knowledge of the distribution density function of
random variables in statistics, let §(F;) distribution
density function be f;(6;) and 0(F;) distribution
density function be f;(6;). Then

>l .
F:0)=f,(g (O(F,))) x &8O

do(F)
f;(e(?))xxa (6)
Exit
0CF)disn*0(F)) @)

According to the basic formula (1) of scale in-

variance, the spatial sensitive parameters of basin
model can meet the scale invariance.
Therefore,if the relationship between the spatially
sensitive parameters of the basin hydrological mod-
el and the area of the basin satisfies Equation (5),
it can be considered that the spatially sensitive pa-
rameters of the basin hydrological model meet the
scale invariance at this time.

(5) Parameter determination of target basin
without data. According to the quantitative rela-

tionship between model parameters and area estab-
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lished in step (3),the model parameters calibrated
in step (2) can be converted to the target basin

that has no data for hydrological simulation.
2 Case study

The Jialing River is a tributary of the upper
reaches of the Yangtze River. It originated from
Qifeng County, Qinling mountains, passes through
Shaanxi Province, Gansu Province, Sichuan Prov-
ince,and Chongqing City,and finally flows into the
Yangtze River. It has a subtropical monsoon cli-
mate with abundant water. The annual water vol-
ume mainly comes from July to September rainfall,
accounting for more than 50% of the annual run-
off. The Xiaoheba basin is located in the southwest
of the Jialing River basin,and its terrain is relative-
ly high. The basin area is about 28 900 km?.

In this paper, the watershed above the Xiaohe-
ba station of Jialing River is taken as the research
area, From the upstream to the downstream of the
mainstream, seven subwatersheds are selected as
nested watershed spaces: above Pingwu station,
above Jiangyou station, above Fujianqgiao stations,
above Shehong station,above Xiaoheba station, be-
tween Pingwu station and Fujiangiao station, and
among Fujiangiao station and Shehong station, re-
spectively. Based on the Xin‘anjiang (three water
source) model and the daily scale hydrometeoro-
logical data from 2008 to 2012, the spatial scale

effect analysis method of the above model parame-

Tab. 1

ters is applied to the case study,in which the model
parameters are calibrated from 2008 to 2010 and
validated from 2011 to 2012.

2.1 Calibration and validation of Xin'an-

Jiang Model

The three-water source Xin'anjiang model is a
lumped hydrological model,and the most important
feature of its model calculation is " three parts",
namely, unit, water source, and stage. The calcula-
tion process to generate model runoff includes the
following four parts''*); (1) evapotranspiration cal-
culation: which divides the soil vertically into up-
per, lower and deep layers, and the corresponding
parameters include KC, WUM, WLM,C. (2) runoff
calculation; using full-storage runoff mode, parame-
ters include WM, B,abd IMP. (3) water source di-
vision: using free water storage reservoirs to divide
water sources into three types of runoff compo-
nents: surface, middle and underground; parameters
include SM,EX, KI, and KG. (4) convergence cal-
culation: Convergence is divided into two phases:
slope convergence and river network convergence.
The parameters include CS, CI, CG, KE, XE, and
L. The daily model parameters for the three-source
Xin'anjiang model from 2008-2010 in the sub-basin
above the Xiaolingba Station on the Jialing River
are shown in Tab. 1. The daily model calibration
results are shown in Tab. 2, while the daily model

validation results are presented in Tab. 3.

Parameters calibration results of daily-scale Xin'anjiang model
y jlang

basin/Watershed Area/km? KC B C

WM WUM WLM IM

SM EX KG KI CG (€I ¢S L XE

Pingwu 4 310 0.1 0.2 0.18 120 60
Jiangyou 5915 0.5 0.2 0.18 120 60
Pingwu-Fujiangqiao 7 593 0.5 0.2 0.18 120 60

Fujiangqgiao-Shehong 11671 1.9 0.2 0.18 120 60

40 0.010 36 1.25 0.15 0.55 0.997 0.96 0.20 O 0.45

40 0.010 23 1.25 0.18 0.52 0.995 0.93 0.40 0 0.50
40 0.010 20 1.25 0.20 0.50 0.993 0.91 0.32 0 O
40 0.010 14 1.25 0.24 0.46 0.992 0.89 0.23 0 0
40 0.010 14 1.25 0.25 0.45 0.992 0.89 0.20 0 O
40 0.030 30 1.30 0.40 0.30 0.994 0.58 0.43 0 0.20

40 0.015 35 1.25 0.50 0.20 0.995 0.48 0.50 0O 0.03

Fujiangqiao 11903 0.4 0.2 0.18 120 60
Shehong 23574 0.7 0.3 0.18 120 60
Xiaoheba 28900 1.0 0.2 0.18 120 60
2. 2 Quantitative relationship analysis for

model parameters at a spatial scale
Previous studies have shown that the insensi-

tive parameters in the Xin'anjiang model include B,
C, WM, WUM, WLM, IM, and EX, are mainly af-

+ 10« KXKFR

fected by climatic conditions and underlying sur-
face conditions!"™. The simulation results before and
after the parameter change are basically the same,
which are slow to reflect, can be roughly estimated or

fixed according to general experience , and often do
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Tab. 2 Calibration results of the daily model from 2008 to 2010

Total Flood Deterministic
Sub-basin Year rainfall/ volume coefficient
mm error/ % coefficient
2008 776.0  —0.09 0.71
Pingwu 2009 797.0 1.58 0.77
2010 961. 1 —1.77 0. 89
2008 772.0 —13.88 0. 66
Jiangyou 2009 814.0 —9.48 0. 84
2010 939.0 0.32 0. 90
2008 811.0 —8.33 0. 80
Pingwu-Fujiang-
) 2009 789. 0 —2.20 0. 87
qiao
2010 928.0 —1.88 0.91
2008 927.0 10. 22 0.76
Fujiangqiao-
2009 950. 0 —12.49 0. 81
Shehong
2010 915.0 12.18 0. 80
2008 798.0 2,77 0.76
Fujiangqiao 2009 792.0 11. 82 0.70
2010 940. 0 4,42 0. 87
2008 927.0 —5.56 0.78
Shehong 2009 950. 0 0. 99 0. 87
2010 915.0 —D5. 46 0. 83
2008 926. 0 —10. 24 0.63
Xiaoheba 2009 952.0 0. 42 0.78
2010 931.0 2.16 0. 75

Tab. 3 Validation results of the daily model from 2011 to 2012

Total Flood Deterministic
Sub-basin Year rainfall volume coefficient
/mm error/ % coefficient

2011 981 1. 80 0. 83
Pingwu

2012 815 —18. 87 0. 74

2011 947 9.71 0. 69
Jiangyou

2012 814 —3.59 0. 50
Pingwu-Fujiang- 2011 926 9. 74 0. 85
giao 2012 796 —0.47 0.70
Fujiangqiao- 2011 945 15. 68 0. 76
Shehong 2012 830 19. 36 0.52

2011 947 18. 59 0. 68
Fujiangqiao

2012 802 —1.59 0. 66

2011 945 1.99 0. 80
Shehong

2012 830 —5.96 0. 66

2011 902 —1.97 0.75
Xioaheba

2012 911 10. 47 0.71

not participate in optimization. Therefore, they will

not establish a quantitative relationship between

parameters and area and do not explore the invari-
ance of their scale. Hence, the scale invariance of
the sensitive parameters KC, SM, KG, KI, CG, CI,
CS,L,and XE of the Xin'anjiang model is studied.
The basin area above Pingwu hydrological station
(4 310 km?) is the smallest compared to other sub-
basin, It is assumed that the model parameter de-
termined by the Pingwu basin rate is the parameter
"true value" @, ,and its basin area is F,. The Xin'
anjiang model is established according to the afore-
mentioned method. The relationship curve between
sensitive parameters and the area of each sub-basin
is 0./0,~F;/F,.the model parameters change with
the spatial scale of the basin. Among them, the six
parameters such as SM, KG, KI, CG, CI, and CS
change significantly with the spatial scale of the
basin. It is called a spatially sensitive parameter,
and its parameter area relationship curve and its
quantitative relationship with basin area are shown
in Fig. 4. The spatial scale of the relationship be-
tween SM, CG, and CS and basin area includes the
Pingwu sub-basin (4 310 km?), the Jiangyou sub-
basin (5 915 km?), the Pingwu-Qujiang sub-basin
(7 593 km?) ,and the Fujiangiao Shehong sub-basin
(11 671 km®) and Fujiangiao sub-basin (11 903
km?), respectively. The spatial scale relationship
between KG,KI,and CI and the area of the basin
comprise Pingwu sub-basin, Jiangyou sub-basin,
and Pingwu-Qujiang Bridge sub-basin, Qijiangqiao-
Shehong sub-basin, Fujiangiao sub-basin, Shehong
sub-basin (23 574 km*®) and Xiaoheba sub-basin
(28 900 km?) , respectively.

It can be seen from Fig. 3 that the quantita-
tive relationship between the spatially sensitive
parameters of the Xin'anjiang model and the ba-
sin area meets the power function form, there-
fore, the assumption of formula (6) on the
quantitative relationship between the basin area
of the model parameters is tenable. Hence, the
spatially sensitive parameters of the Xin' anjiang
model have scale invariance with the change of
spatial scale, and the exponent of the power
function is the scale index.

Among the spatially sensitive parameters of

the Xin'anjiang model,SM, CG,CS,KG,KI,CI are

KxKFR 11
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within their corresponding spatial scales,and there
is a good power function relationship between the
parameters and the area of the basin. The scale in-
variance of fractal theory has a certain adaptation
range,namely scale range. Therefore, SM, CG, CS,

KG,KI,and CI have scale invariance in their corre-
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sponding scale intervals. Simultaneously, the Xin'
anjiang model parameter KG showed an upward
trend with the increase of the basin area in the
scale interval, while SM, KI, CG, CI, and CS
showed a downward trend with the increase of the

basin area in the scale interval.
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Fig. 3 Diagram for the relationship between model parameter-basin area

In summary, for the parameters with scale in-
variance, the conversion of model parameters on
different spatial scales can be realized in the corre-
sponding scale interval after the scale index is cal-
culated, and the model parameters of the basins
that have no data can be calculated by the calibra-
ted parameters in the basins that has specific data.
2.3 Test of parameter’s spatial scale effect

According to the scale relationship between the

parameters of the Xin'anjiang model and the basin

« 12« KXKFR

area, it is assumed that the Xiaoheba Tianxiansi
basin with a drainage area (4 976 km?) has no da-
ta. Therefore, it is necessary to simulate its daily
flow from 2008 to 2011. Based on the scale invari-
ance of spatial sensitive parameters of the Xin an-
jiang model and its quantitative relationship with
basin area, the corresponding model parameters of
the Tianxiansi basin such as SM, KG, KI, CG, CI,
CS,are obtained. Other required parameters of the
Xin' anjiang model are KC, B, C, WM, WUM,



LI Binquan, et al

Spatial scale effect analysis of Xin'anjiang model parameters based on fractal theory

WLM, IM, EX, L., and XE, respectively. The She-
hong sub-basin is similar to the Tianxiansi basin
with respect to the hydrological similarity, the cor-
responding model parameter values of the Shehong
sub-basin are transferred, and for each model pa-
rameter value (see Tab. 4), simulation results in
Tab. 5,and flow simulation process line in Fig. 4.
The results based on fractal theory show that
the model parameters obtained by scaling transfor-
mation are used to simulate the flow process of the
Tianxiansi basin from 2008 to 2011. The average
deterministic coefficient is 0. 65, and the relative
error of flood volume is within 3% , respectively.
The effect is good. Therefore,in the scale interval,
if the scale index of the spatially sensitive parame-
ters of Xin'anjiang River is known, the values of
the spatially sensitive parameters of the reference

station and the area of the basin with no data can
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be used to obtain the estimated values of the model
parameters of the sparse data region. Hydrological
simulation is performed to realize the transfer of
hydrological model parameter values in areas with
data to areas without data. The scaled index of
model parameters can be derived by drawing a pa-

rameter basin area relationship diagram,

Tab. 4 Parameters of Tianxiansi basin

Model parameter SM KG KI CG CI CS KC B
Parameter value 32 0.16 0.54 0.996 0.913 0.40 0.7 0.3
Model parameter C WM WUMWLM IM EX L XE
Parameter value 0.18 120 60 20 0.02 1.25 0 0.03
Tab. 5 Daily model simulation results of Tianxiansi basin
Year 2008 2009 2010 2011 2008-2011
Total rainfall/mm 1015 1102 932 999 7163
Flood volume error —2.31 —2.7 —0.9 —0.1 2.18
deterministic coefficient = 0.59 0.58 0.73 0.65 0. 65
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Fig. 4 Measured and simulated flow process of Tianxiansi basin from 2008 to 2011

3  Conclusions

This paper proposes a method for analyzing
the spatial scale effect of hydrological model pa-
rameters and establishes quantitative conversion
equations of parameters between different spatial
scales based on the fractal theory. The three-source
Xinanjiang model was selected and applied to the

basin above the Xiaoheba station on the Jialing

River to obtain the following conclusions;

(1) The spatially sensitive parameters SM,
KG,KI, CG, CI, and CS in the Xin'anjiang model
have scale invariance that varies with the spatial
scale,and the quantitative relationship with the ba-
sin area can be expressed in the form of a power
function,

(2) In the scale interval, the scale transforma-

tion can be used to process the spatial sensitive pa-

KxXKRF/R 13 -



Vol.18 No. 3 South-to-North Water Transfers and Water Science &- Technology Jun. 2020

rameters of the model to realize the conversion of
the hydrological model parameter values in the area
with data to the area without data and provide sup-
port for the hydrological forecast in the area that
has no data.

Although this study uses the Xin'anjiang mod-
el as an example to analyze the spatial scale effect
of parameters, the method and the idea can also be
used to analyze the spatial scale effect of other

hydrological model parameters.
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